Given any (topological) Cauchy hypersurface S of a globally hyperbolic spacetime, we construct a smooth function τ : M → R such that the levels
Introduction
Given a globally hyperbolic spacetime (M, g), some folk questions concerning the smoothability of Cauchy hypersurfaces and Geroch's theorem [5] have been solved by the authors recently:
• There exists a (smooth) spacelike Cauchy hypersurface [1] . Even more, any compact acausal spacelike submanifold with boundary can be extended to a spacelike Cauchy hypersurface [3] .
• There exists a Cauchy temporal function T and, thus, a global smooth splitting M = R × S 0 , such that each level at constant T is a Cauchy hypersurface, orthogonal to the vector field ∂/∂T naturally induced from the R part [2] .
In the latter result, function T is constructed by using a previously constructed Cauchy time function τ , and only then the levels of T are proven to be Cauchy. Therefore, it is natural to wonder:
Given a spacelike Cauchy hypersurface S, is there a Cauchy temporal funtion T such that S is one of its levels?
Even more, if S were only a topological Cauchy hypersurface, we can wonder if it can be approximated by spacelike ones S t in the strongest possible sense, that is, by finding a Cauchy time function τ (everywhere smooth and with timelike gradient except at most on S) such that S t = τ −1 (t), for all t ∈ R\{0}, and S = τ −1 (0). Our purpose is to answer affirmatively these questions. First, we study the last one. The required function τ is shown to exist easily, Proposition 2.3. By using techniques in [1, 2] , we show that τ can be chosen smooth everywhere (with gradient vanishing only at S), Theorem 2.1. In this theorem, if S is acausal then τ will be automatically a time function. Nevertheless, it is not evident to prove that, if S is spacelike, then τ can be chosen with timelike gradient at S. This is carried out in Theorem 3.5, by using again techniques in [2] .
Even though there are different motivations to study this topic 1 , recall that it becomes natural from the classical initial value problem to Einstein equation. In fact, the typical initial 3-Riemannian manifold would be (a posteriori) one of the levels of a Cauchy temporal function. Thus, from a fundamental viewpoint, one should expect that any spacelike Cauchy hypersurface can be chosen as one such level, whatever the stress-energy tensor in Einstein's equation maybe.
Results for topological Cauchy hypersurfaces
Throughout this paper we will follow notation and conventions as in [1, 2, 3] . In particular, the spacetime will be C k , k = 1, 2 . . . , ∞. Hypersurfaces are regarded as topological, embedded and without boundary, but spacelike hypersurfaces are regarded as smooth. Cauchy hypersurfaces are crossed exactly once by any inextendible timelike curve, but they maybe non-acausal. Nevertheless, spacelike Cauchy hypersurfaces are necessarily acausal. A time function is a continuous function which increases strictly on any future-pointing causal curve. A temporal function is a smooth function with timelike gradient everywhere. Temporal functions are always time functions, but even smooth time functions are not necessarily temporal (as will be evident below).
Along this section, (M, g) will be a globally hyperbolic spacetime, and S will be one of its topological Cauchy hypersurfaces (non-necessarily smooth nor acausal). Our aim will be to prove: Theorem 2.1 Let (M, g) be globally hyperbolic, and S a Cauchy hypersurface. There exists a smooth onto function τ : M → R such that: Proof. Straightforward by taking into account (for I + (S)):
Our construction of the function with the required properties (along this section and the next one), starts at the following result, which will be subsequently refined:
There exists a continuous onto functionτ :
is smooth with (past-pointing) timelike gradient on M \S. (iii) Each S t , t ∈ R\{0} (inverse image of the regular value t = 0) is a spacelike Cauchy hypersurface. Even more, if S is acausal thenτ is also a time function.
Proof. Let T S + (resp. T S − ) be a (onto) Cauchy temporal function on I + (S) (resp. I − (S)), as constructed in [2] . Definẽ
In order to check the continuity ofτ on S, take any sequence {x k } → x 0 ∈ S. Assume {x k } k ⊂ I + (S) (the case I − (S) is analogous), and recall that all the points x k must lie in a compact neighbourhood W of x 0 . Moreover, each x k belongs to a levelS t k =τ −1 (t k ) ofτ (and T S + ). If {t k } k did not converge to 0 then, up to a subsequence, {t k } → t 0 > 0 and the limit x 0 of {x k } would lie in W ∩ S t0 ⊂ I + (S), a contradiction. To check thatτ satisfies the remainder of required properties becomes straightforward.
In the proof above, the levels of τ are clearly Cauchy hypersurfaces. Nevertheless, the analogous step in the proof of Theorem 2.1 will not be so evident, and the following result will be useful (see [ 
Proof of Theorem 2.1.
Notice that the functionτ constructed in Proposition 2.3 satisfies all the conditions but the smoothability at S. In order to obtain this, consider a sequence of smooth functions ϕ
Choose constants C k ≥ 1, such that:
Now, put: τ
is timelike past-pointing in I + (S 1/k ) (resp. I − (S −1/k )) and 0 otherwise. The required function is then:
In fact, the smoothness of τ follows from the definition of τ ± k and the bounds in (1) (see [2, Theorem 3 .11] for related computations). Property (i) is trivial, and (ii) follows from the convexity of the timecones (recall [2, Lemma 3.10]). For (iii), recall that τ −1 (t) =τ −1 (t) for |t| ≥ 2; for the case |t| < 2, use Proposition 2.4 with S − = S −2 , S + = S 2 .
Spacelike S and temporal functions
Along this section the Cauchy hypersurface S will be spacelike. Our purpose will be to prove: 
We will fix a function τ as in Theorem 2.1.
Proof. For h − , take the function h − in [2, Lemma 3.8] with U = W ∪ J − (S) (function h + can be constructed analogously). Taking into account the notion of "time step function" in [2] , the key step now is to prove the existence of a function τ 0 as in [2, Proposition 3 .6] such that S is a level of τ 0 . More precisely: 2. −1 ≤ τ 0 ≤ 1. 
is smooth, non-negative and well defined in W ∪ J − (S) (putting h + ≡ 0 on J − (S)\W ). Even more, ∇h + is timelike and past-pointing where it does not vanish (simply, use Leibniz's rule and the conditions imposed on h + , h S ; notice that the role of h + is similar to the function also labelled h + in [2, Proposition 3.6]). Taking h − from Lemma 2.2, the required function will be
(τ 0 is extended as 1 on J + (S)\W ). In fact, notice that
is either timelike or 0 everywhere, and also the other required properties hold.
Proof of Theorem 3.5.
The required function is T = τ + τ 0 , where τ is taken from Theorem 2.1 and τ 0 from previous proposition. In fact, T is obviously a temporal function with S = T −1 (0). Even more, the levels of T are Cauchy hypersurfaces: T −1 (t) = τ −1 (t) for |t| > 1 and, for the case |t| < 1, use Proposition 2.4 with S − = S −1 , S + = S 1 .
